We perform theoretical studies on the plasmonic enhancement for the Forster resonance energy transfer (FRET) between a donor and an acceptor molecule in the vicinity of a metallic particle or cavity, with focus on the possible role of the addition of a clad layer of gain material can play in such a process. The results show that while the plasmonic resonances can be shifted with higher order plasmonic enhancements emerged in the presence of such a layer of gain material, optimal enhancement of the FRET rate can be achieved when gain just balances with the loss in the metal. This then leads to the existence of an optimal thickness for the gain material layer, for both particle and cavity enhancement. In addition, it is observed that the FRET efficiency can always be increased with the coating of the gain material even at the dipole plasmonic resonance when nonradiative transfer from the donor to the metal is high, provided that the gain level is not beyond a certain critical value. 
Introduction
Energy transfer between an excited molecule (a donor, D) and a neighboring molecule (an acceptor, A) is a process of fundamental importance in the understanding and control of many photophysical and photochemical processes in Nature and in the laboratory-ranging from photosynthesis to fluoresce probing in biotechnology. Successful theoretical models for such a process have been established in the literature depending on the separation ( R ) between the molecules D and A. For the most important range of application R 2 to 6 nm, the process known as Forster resonance energy transfer (FRET) can be well described by the electrostatic dipolar interaction between D and A with a rate falling off as 6 R − [1, 2] . For closer separations ( 2nm) R < , quantum mechanical treatment is necessary according to the Dexter theory [3] , and for farther separations when R emission wavelength of the molecule, full electrodynamics is required to account for possible radiative transfer between D and A [4] . Moreover, in realistic applications, it is the FRET range of separation which is the most often encountered in many important photo processes of significance, and hence is our focus in the present work.
Since FRET is a rather weak process and falls as 6 R − , enhancement of such a process to achieve an increase in the Forster distance ( 0 R defined as the D-A separation at which FRET is 50% efficient) has become an exciting area of research over the years. In particular, plasmonic enhancement employing both planar metallic structures [5] and metallic nanoparticles (MNP) has received great attention since the 1980's [6, 7] , soon after the dramatic surface enhancement of Raman scattering (SERS) was first understood to be accounted for via such a mechanism. In time, FRET enhancement from various MNP systems have been studied by many groups which include, for example, spherical and spheroidal MNP's [6, 7] , nanodisc [8] , nanorice [9] , nanorods [10, 11] , and single [12] as well as multiple [13, 14] spherical nanoshells. Depending on various factors of the geometry and material of the MNP system, as well as the relative locations and orientations of the donor and acceptor molecular dipoles, various enhancement outcome can be achieved on resonance conditions when the emission frequency of D is close to the absorption frequency of A and both are close to that of the plasmon resonance of the MNP. A very recent article has provided a detailed analysis of the various possible outcomes including the case when no enhancement (i.e. diminution) can take place under certain unfavorable conditions [15] . As is well-known, one adverse effect in employing plasmon excitation to achieve optical enhancement comes from the loss of the metals. The nonradiative transfer from the excited molecule to the metal will decrease the efficiency of the enhancement from the plasmon fields which will be significant when the molecules are in close proximity of the metallic structure. Hence any mechanism which may help to suppress this nonradiative loss in the MNP enhanced FRET process is worth to be explored.
It has been known over several decades [16] that certain medium (e.g. laser dyes) can act as a source in supplying energy to a dissipative medium (e.g. metal) to compensate for any undesired loss in various optical and spectroscopic processes. In time, these "gain media" [17] have been applied to achieve significant improvement in the performance of various device such as plasmonic waveguides [18] and spectroscopic probes such as in Raleigh and Raman scattering [19] . One of the more distinct applications proposed and demonstrated recently is the construction of the SPASER (i.e. a plasmonic nanolaser) in which the compensation of metal loss in a nanoparticle by a gain medium leads to a nano light source of coherent radiation [20] [21] [22] . One is thus tempted to further explore the possible applications of these gain-clad metallic nanoparticles (GMNP) to enhance other important optical processes, such as in the strong coupling between an emitting molecule and a MNP as has been recently studied [23] . It is the purpose of our following work to investigate the possible improvement of FRET between the two molecules excited in the vicinity of a GMNP. We shall also consider clad metallic cavity, and shall focus in particular on the manipulation of the various parameters of the molecule-MNP system to see how such plasmonic enhanced FRET process can be optimized using this approach.
Theoretical model
Let us consider two point dipoles interacting near a metallic nanoparticle (MNP) or within a metallic nano-cavity (MNC), with an additional shell-layer of gain materials clad in each case as shown in Fig. 1 . The dipoles (D and A) can have arbitrary relative locations and orientations in each geometry. We assume all essential dimensions are small compared to the emission wavelength of D so that retardation effects can be ignored. To calculate the FRET rate between D and A in the presence of the nanostructure, there have been three different approaches in the literature. The conventional approach (adopted by most of the researchers [1, 2, [5] [6] [7] [8] [9] [10] [11] [12] 24 , 25]) obtains such a rate simply from lowest order perturbation theory (Fermi's golden rule) to be expressed by the following spectral function:
where ( ) A σ ω is the absorption cross-section of the acceptor,
is the emission rate per unit frequency of the donor (with both treated as free molecules), and ( ) U ω is the interaction energy between D and A in the presence of the environment (MNP, MNC,…etc.). This approach has been criticized in the literature and free-molecule absorption and emission rates in (1) have been replaced by "dressed rates", together with the incorporation of the apparent quantum yield of the donor in the presence of the environment [26] . Nevertheless, we believe that such modifications using dressed rates are not necessary consistent with the spirit of perturbation theory in which zeroth-order (unperturbed) molecular states should be used together with first order correction in the interaction energy ( ) U ω in the calculation of the modified ( ) K ω to the lowest order [12] . Thus, in our following study, we shall focus on the effects of the structure only on ( ) U ω as was done in most of the previous works [1,2, 5-12, 24, 25] . Moreover, there is a third approach which introduces a concept known as "Forster efficiency" to account for the modified total decay rate of the donor in the presence of the MNP [8, 15, 25] . In this treatment, the Forster efficiency is calculated from Eq. (1) as a fraction of the sum of the total MNP-modified donor decay rate and the FRET rate in (1) . Note that the FRET process in Eq. (1) has been optimized to be on resonance condition with the same transition frequency for each D and A, and we have simplified the analysis by ignoring possible distribution of the emission frequencies over a finite range of values [27] . Hence within such idealizations, we shall consider the following simplified FRET enhancement factor defined as [9, 12, 24, 25 , 28]:
where 0 ( ) U ω is the dipole-dipole interaction energy when both D and A are in free space, and is given by the following expression:
where the μ  's are the dipole moments and the r  's are the position vectors of the donor and the acceptor, respectively. Hence in the long wavelength approximation, our calculation of ξ will involve the electrostatic solution of the boundary value problem with two interacting dipoles in the vicinity of a coated sphere ( Fig. 1(a) ) or coated cavity ( Fig. 1(b) ).
(i) Dipoles outside a coated sphere
The electrostatic potential in each of the three regions in this case can be expanded as follows:
For a r b < < :
where the superscripts "o", "s", "i" denote the cases outside, within, and inside the shell of the coating, respectively, whereas the terms 
where
. Using this result, we can then calculate the modified interaction energy U in Eq. (2) for the acceptor which can be obtained as:
(ii) Dipoles inside a coated cavity With the exciting developments in the field of cavity quantum electrodynamics, the important process of FRET has also been studied actively for possible enhancement with the donor and acceptor confined in an optical cavity [29] [30] [31] [32] [33] [34] [35] . We consider the possible role of gain medium in such cavity-enhanced FRET process. With reference to the geometry in Fig. 1(b) , we have 
The enhancement factor in (2) for this case can hence be computed by calculating U as defined in (8) with the potential ' Φ given by the following expression:
Numerical results
To illustrate what effects a gain medium can have on the plasmonic enhancement of FRET, we consider a silver sphere whose dielectric response can be described by the following Drude model 
where the background dielectric constant is taken to be that for water with 1.769
, the value of the gain level is restricted to be small so that no saturation will take place, the gain spectral width is chosen the same value as the Drude damping, i.e. γ Γ = , and the resonance frequency of the gain material (i.e. gain center) is chosen to be within the neighborhood of the particular value 0.3642 p ω , which is the dipole surface plasmon resonance (SPR) of the silver core in the ideal case when damping is absent. We shall also assumed the surrounding medium to be water for simplicity.
With all the dielectric functions specified as in the above, we can now use the formulation in the previous section to calculate the FRET enhancement ratio defined in Eq. (2), and study how this enhancement varies with the various parameters of the gain-clad metallic nanoparticle and how such gain material can be used to optimize the plasmonic enhancement of FRET. with integer k in the range of [0, 6] . From these results, one first observes the two peaks from the dipole ( 0.3642 p ω ) and quadrupole (~0.38 p ω ) SPR enhancement due to the silver core with the dipole enhancement achieving an order ~10 4 (k = 0, 1 in the gain level variation). The "turn on" of the gain cladding (k > 0) leads to red shifts of the SPR when the gain center is below the dipole SP resonance, as well as significant further enhancement of the FRET enhancement factor in (2): up to a further enhancement of 10 2 when the gain center is close to the dipole SPR frequency. It is interesting to note that, when the gain center is set very close to the dipole SPR frequency of the metal, a reversed trend in the magnitude of the enhancement is observed when the gain level is increased beyond a certain value [ Fig. 2(b) ]. This implies that overcompensation of the metal loss will lead to even less FRET enhancement. As the gain center is tuned to higher frequencies, it is observed that higher order SPR is now much enhanced to an extent that the quadrupole and even the octapole resonance can now lead to FRET enhancements dominating over that from the dipole SPR [Figs. 2(c) and 2(d) ].
We next study the distance dependence of the induced FRET process by varying the distance of both the D and A at a fixed emission/absorption frequency in resonance with that of the dipole SP resonance, starting from the positions of the molecules as in Fig. 2 . Figure 3 shows such a variation of ξ in Eq. (2) as both the D and A are moved farther from the gainclad silver particle for different values of gain level at different fixed gain center frequencies. While it is expected to see a monotonic decrease in FRET enhancement as the molecules are moved farther from the clad silver particle, one observes that once again, up to 10 2 further enhancement is achievable when the gain center is close to the dipole SPR of the metal at higher gain level values [ Fig. 3(b) ], together with a more rapid decrease of such FRET enhancement with distance when these high gain values are set. In addition, a reverse behavior in ξ can again occur at higher gain levels when the gain center frequency is much above that of the dipole SPR in this case [ Fig. 3(d) ]. Other parameter values are the same as those for Fig. 2 .
We shall now investigate the effect of the amount of gain medium added on the FRET enhancement with D and A fixed at the same positions as in Fig. 2 . For a fixed gain material with all the parameters in Eq. (16) specified in the same way as in Fig. 2 except that the range of k is [0,5], we shall see that there exists an optimal value for the cladding thickness which will yield the largest enhancement. Figure 4 shows the enhancement as a function of the outer radius b ( 0.9 a nm = ) at different values of gain center r ω , with the cladding goes from the MNP surface to almost touching one of the molecules outside the MNP. Note that different gain levels are considered from which an optimal thickness is seen to emerge at the highest gain level considered in each case, and is particularly obvious when the gain center is at the dipole SP resonance frequency [ Fig. 4(b) ]. This is due to the fact that D and A here are set to resonate with the MNP dipole SP, whose frequency will be shifted with the addition of the cladding layer. Hence the competition between the compensation of the metal loss and the resonance off-set due to the addition of the cladding leads to the emergence of such an optimal thickness for the gain medium added between the MNP and the molecules.
conclude that for cr g g < , one can be assured that the application of the gain-cladding will lead to greater FRET efficiency between D and A despite the possible large nonradiative rate induced by the particle on the donor. To have a more complete numerical study, we have also investigated the clad layer effect on cavity FRET enhancement [ Fig. 1(b) ]. Without showing all the detailed results as was done above for the clad MNP case, we show in Fig. 6 only the existence of an optimal cladding thickness as a function of gain level and gain center values. It is seen that such optimal thickness emerges rather distinctively when the gain center is set at the cavity SPR frequency. We also note that this optimal thickness goes down as the gain level increases which is what one should expect.
Conclusion
The application of gain material for loss compensation in various optical processes with metals has been initiated since the 1970's. Recently, with the developments in various exciting areas of plasmonics and nano-optics, this material has been applied to achieve improvement of performance on various optical devices and spectroscopic probes [18] [19] [20] [21] [22] [23] , as well as on nano-imaging [37] . In this work, we have initiated a possibly new application of this material to facilitate one of the most fundamental processes in photophysics and phochemistry, namely, Forster resonance energy transfer between two molecules. Our results show that in the MNP-induced plasmonic enhancement of FRET, optimal enhancement can be achieved when gain just balances with the loss in the metal, in the sense that the imaginary part of the dielectric functions for the metal and the gain medium just cancel. This then leads to the emergence of an optimal layer thickness for the gain material, in both the case with particle and cavity enhancement. In addition, it is observed that the FRET efficiency can always be increased with the coating of the gain material even at the dipole plasmonic resonance when nonradiative transfer from the donor to the metal is high, provided that the gain level is not beyond a certain critical value. Note that our present model has not accounted for the nonlocal optical response of the metallic structures which may become significant when the molecules are at very close distance to these structures. Moreover, from previous studies of these nonlocal effects on FRET [12] , we expect that most of our results obtained here will remain qualitatively valid except that the nonlocal effects will slightly blue-shift the resonances and suppress the magnitude of the FRET enhancements. Given this scenario, we anticipate experimentalists will be motivated to study such possible novel application of gain materials in this new direction of plasmonic-enhanced photochemistry.
